Abstract: Ubiquitous light emitting dioxides provide natural infrastructures for multiuser visible light communications (VLC). The current available works mainly focus on a potential assumption of the continuous signaling. In this paper, we consider a two-user multiaccess VLC system with finite-alphabet inputs. To manage the nonnegative finite-alphabet multiuser interference, we adaptively adjust the power of each user's transmitted signals to maximize the received minimum Euclidean distance. By applying the properties of Farey sequence in number theory to solve the finite-alphabet optimization, it is proved that the optimal received signal constitutes an equally spaced pulse amplitude modulation constellation, which admits a low-complexity maximum likelihood detection. Both analytical results and computer simulations demonstrate that our proposed design has substantial performance advantage over time division multiple access, especially for significant channel strength difference.
Introduction
Recently, with the rapid expansion of mobile communications and wireless services, the increasing demand of data transmission almost makes the radio spectrum saturated. As an adjunct or alternative to ratio frequency (RF) communications, visible light communication (VLC) has become a very important area of research [1] - [6] due to its potential ability to offer ultra-high data transmission rates. The ubiquitously installed light emitting diodes (LEDs) and plug-in photodiode (PD) in smart devices can form natural infrastructures for multi-user VLC [7] - [9] . For such system, each PD detects the optical intensity from multiple LEDs and it cannot uniquely identify each LED's transmitted signal, multi-user interference arises, which may lead to significant system performance loss [10] . Thus, we have to take measures to manage the multi-user interference.
In modern RF digital wireless communication systems, many techniques have been studied to process multi-user interference [11] - [15] . Unfortunately, those schemes [11] - [15] for RF systems cannot be directly applied to VLC systems due to the constraint of input signals' nonnegativity. For this reason, some modified schemes have been proposed [16] - [18] , which fulfill the requirement that only positive signals are allowed in VLC by adding DC-offset to the transmitted signals and thus, the energy efficiency degrades. It is also noticed that some orthogonal multiple access (OMA) techniques can be used in VLC systems [19] - [23] , such as code division multiple access (CDMA), frequency division multiple access (FDMA), time division multiple access (TDMA) and orthogonal frequency division multiple access (OFDMA). For the design with OFDMA, since the peak to average power ratio is relative high for the OFDMA techniques, the nonlinear response of the LEDs needs to be considered and the complexity will be increased [24] . Furthermore, for OFDMA, the phase synchronization needs to be taken into account in the system [20] . For TDMA, its small operation of complexity makes it a common scheme, but it cannot assure the energy efficiency since it implies time delay for the users to awaiting the assigned time slot for access [25] . In addition, the current available works on multi-user VLC mainly focus on a potential assumption of the Gaussian continuous signalling and the implementation of Gaussian signalling in reality will require huge storage capacity, unaffordable computational complexity and extremely long decoding delay. In addition, the actual transmitted signals in practical digital communication systems are drawn from finite-alphabet sets such as pulse amplitude modulation (PAM) constellations and the direct implementation of the designs with continuous signalling in practical communication systems may lead to significant performance loss [9] , [26] - [28] . Although the authors in [9] developed a constellation-optimal structure and system designs for downlink multi-user VLC. However, in the multi-access VLC systems, the task is more challenging since the transmission of all users is hard to be coordinated. In particular, for multi-access VLC systems with finite-alphabet inputs, the key task is how to adaptively adjust the power of each user according to channel strength. The corresponding max-min optimization problem contains both continuous and discrete variables. This kind problem is commonly encountered in modern digital communications and its general closed-form solution is not easy to be attained.
Indeed, motivated by the aforementioned considerations, in this paper, we consider the energyefficient transmission designs for multi-access VLC systems by systematically processing the finitealphabet and nonnegative multi-user interference. Specifically for two-user systems, we develop an optimal strategy to adaptively adjust the power level of each user such that the minimum Euclidean distance of the received signals is maximized by utilizing the properties of Farey sequence in number theory. It turns out that the resulting constellation at the receiver is an equally-spaced unipolar PAM constellation and thus, admits a low-complexity maximum likelihood (ML) detection algorithm. In addition, since TDMA is commonly used in multi-user VLC system and it is easy to implement [9] , [10] , [25] , [29] , in this paper, we choose TDMA for comparison. Both analytical results and computer simulations demonstrate that our proposed design achieves high performance gains over TDMA especially for significant channel strength difference.
System Model
In this paper, we consider a two-user multi-access VLC system consisting of two LED transmitters and a single PD receiver as shown in Fig. 1 , which can be regard as a simplified equivalent model of many scenes, such as the single cell system which consists of two users [30] or the two cells system with the user located in the intersection area of the two cells [31] . Due to the constraint that the input signals in VLC systems is nonnegative and real-valued, as an initial study, we consider that the signal s i is independently, randomly and equally-likely chosen from a unipolar PAM constellation, say, s i ∈ {m}
denote the peak power constraint due to the limited dynamic range of the LEDs [32]- [34] and then the signal transmitted by the i -th LED (i = 1, 2) can be expressed as p i s i . Thus, at the PD receiver, the received signal y can be represented as
where ζ represents real-valued additive white Gaussian noise with zero mean and variance σ 2 . h i , i = 1, 2 denotes the channel coefficient between i -th LED transmitter and the PD receiver. We assume that a line-of-sight link between the transmitter and the receiver with h i being determined by
where φ i represents the angle of emergence with respect to the transmitter axis and ϕ i is the angle of incidence with respect to the receiver axis. In addition, denotes the field-of-view angle of the PD receiver, and d i is the distance between the i -th LED transmitter and the PD receiver. The parameter A denotes the effective area of the detector in a PD, and τ = −ln2 ln(cos 1 2 ) with 1 2 being defined the half-power angle of the LED transmitter. According to (2), the channel coefficient h i is mainly determined by the position of the transceiver. Since the position of the transceiver in VLC systems is relatively fixed, the channel coefficients can be easily obtained by channel estimation techniques. Therefore, in this paper, we assume that the channel coefficient h i is available at both the transmitter and the receiver.
To estimate the transmitted messages, the receiver detection consists of the following two successive steps. 1) ML demodulation: Given the received signal y, the ML estimate of
where
}.
2) Decoding: After the demodulation, our task is to determine the two signal componentsŝ 1 and s 2 from the estimated sum signalĝ. In this paper, we aim at developing an efficient interference-processing strategy by optimally determining p 1 and p 2 for this demodulation and decoding receiver.
Optimized Finite-Alphabet Signalling for Two-User Multi-Access VLC
The main results of this paper will be presented in this section.
Optimal Power Control Strategy
It is known that the error performance of the ML detection for high signal-to-noise ratio (SNR) regimes is determined by the minimum Euclidean distance between any two distinct elements of received constellation [35] - [38] . For this reason, the corresponding design problem can be formulated as follows.
Problem 1: For arbitrarily fixed channel coefficients h 1 , h 2 > 0 and positive integer K , find two positive numbers p 1 and p 2 such that the minimum Euclidean distance
. whose solution is determined in the following theorem.
Theorem 1: Letp 1 ,p 2 denote the optimal solution to Problem 1 andD be defined as the possible maximized minimum Euclidean distance, i.e.,
Then,p 1 ,p 2 andD can be determined in the following.
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The proof of Theorem 1 is provided in the Appendix. This theorem indicates that our interferenceprocessing strategy is essentially a power control strategy, which enables each user to transmit its own sub-constellation with the amplitude being adaptively and carefully adjusted. This power control strategy can be intuitively interpreted as bargaining among the two users for the minimum power consumed to produce a fixed minimum Euclidean distance, where the price function of each user is determined by the bit rate K and the respective channel coefficients. In addition, from this theorem, we can observe that at least one user should transmit with the maximum allowable power to obtain the maximized minimum Euclidean distance at the receiver. Furthermore, this strategy has a favorable property. When h 1 ≤ h 2 , the sum signal h 1p 1 s 1 + h 2p 2 s 2 constitutes a 2 2K -ary
. Then, the received signal y = h 1p 1 s 1 + h 2p 2 s 2 + ζ at the PD receiver can be rewritten by y =D (s 1 + 2 K s 2 ) + ζ.
In the same token, for
. From this property, we can find that this optimal power control strategy is a non-orthogonal multiple access (NOMA) [39] - [41] with finite-alphabet inputs by jointly aligning the signals' power of each user to form a received sizeable PAM constellation and thus, fast ML detection can be expected for this optimal power control strategy.
Low-Complexity ML Detection
In this subsection, we show a fast ML demodulation and decoding algorithm for the optimal design in Theorem 1.
Algorithm 1: (Fast ML demodulation) Given the received signal y denoted by (1) , the optimal ML estimate of the sum signal g ∈ {h 1p 1 s 1 + h 2p 2 s 2 :
After the sum signal g is estimated, our task is to determine the two signal componentsŝ 1 andŝ 2 from the estimated sum signalĝ. According to [25] and Theorem 1, there exists a unique constellation pair ofŝ 1 ,ŝ 2 ∈ {m}
such thatĝ = h 1p 1ŝ1 + h 2p 2ŝ2 . Then, we have the following decoding algorithm.
Algorithm 2: (Fast decoding) When the optimal ML estimate signalĝ of g has been obtained by Algorithm 1, the estimateŝ i of s i from User i is given as follows. 
1) If h
From Algorithm 1 and Algorithm 2, we can see that the overall complexity of the proposed demodulation-decoding algorithm is O (K ).
Performance Analysis and Comparison
In this subsection, we analyse the performance advantage of our proposed design over TDMA.
For TDMA with two time slots, the i -th LED (i = 1, 2) transmits the signal which is denoted by x ti ∈ {m}
to the receiver PD in the i -th time slot. As we know, the error performance is dominated by the minimum Euclidean distance of the signal at the receiver. Let D tdma denote the minimum Euclidean distance of TDMA, i.e., D tdma = min{
}. Then, the attained gain of our proposed design over TDMA in terms of the ratio ofD to D tdma is calculated as follows. Gain = 20 log 10D D tdma (10) whereD is given by Theorem 1.
The theoretical performance comparison of our proposed design and TDMA is illustrated in Fig. 2 . From this figure, we can observe that our proposed design has a better performance compared to TDMA. This is mainly because that our proposed design is essentially a finite-alphabet NOMA scheme, which can manage the multi-user interference in a more energy-efficient manner than the TDMA. In addition, from Fig. 2 , we find that the maximum gain of our proposed design over TDMA increases with K and for a fixed K , the gain of our proposed design over TDMA increases with h 2 /h 1 in a certain range. 
Simulations
The obtained gain that our proposed design over TDMA for analytical result, i.e., the result based on theoretical analysis and formula derivation, has given in Section 3.3. Then, in this section, we will evaluate the performance of our proposed design by computer simulation, i.e., examine the performance by simulating actual communication scenarios through a computer.
As shown in (2), the channel coefficient value of the links is determined by the relative location of transceiver. In the following simulations, we mainly investigate the effect of channel coefficients' difference on the error performance. Without loss of generality, we normalize the larger channel coefficient (max(h 1 , h 2 )) to be one. The SNR is defined by 1 σ 2 with the peak optical power being normalized. In addition, to make all the comparisons fair, the ML demodulator is adopted by both schemes. More details of our computer simulations are given as follows.
We first consider K = 2, h 1 = 1 and different h 2 with h 2 ∈ (0, 1) to evaluate the error performance of different channel strength. In this case, we compare the BER performance of three schemes, that is, our proposed design, no power control scheme and TDMA. The normalized transmission signals of the three schemes are shown in Table 1 , where s i ∈ {m}
, i = 1, 2 and p i can be obtained by Theorem 1. The simulation for h 2 = 0.1, 0.2, 0.5, 1 is illustrated by Fig. 3 . From this figure, we can observe that compared to our proposed design, the performance of the system without power control decrease with different h 2 /h 1 . Especially for h 2 /h 1 = 1 and h 2 /h 1 = 0.5, the BER of the system without power control is always over 10 −1 and for this case, the system can not guarantee the reliable communications even in high SNR regions. This is mainly because the minimum Euclidean distance of the received signals can become zero when h 2 /h 1 = 1 and h 2 /h 1 = 0.5 and the two users' transmitted signals cannot be uniquely identified at the receiver. From Fig. 3 , we can also find that our proposed design substantially outperforms TDMA in high SNR regions and it is consistent with the fact that we have mentioned in Section 3.1, i.e., the error performance of ML detection for high SNR regimes is determined by the minimum Euclidean distance between any two distinct elements of received constellation. In a realistic VLC system, to meet the requirement of illumination, the SNR is usually very high. For example, the SNR always greater than 60 dB through the entire room since room illumination must meet minimum levels according to the standards [3] , [42] . Therefore, the design presented in this paper is of practical significance. In addition, according to [38] , [43] , the BER of unipolar PAM systems can be calculated as
)du, d mi n is the minimum Euclidean distance of the received signals and in this paper, d mi n =D . Then, according to (11) , the theoretical BER performance of our proposed design is illustrated by Fig. 4 . From this figure, we can observe that our simulation results are consistent with the theoretical values. In order to show the error performance of our proposed design over TDMA for different K , we consider the situation that h 1 = 1, h 2 = 0.3 and the computer simulation is illustrated by Fig. 5 . It is evident that our proposed design has better BER performance than TDMA according to this figure. For K = 1, 2, 3, 4 with h 1 = 1, h 2 = 0.3, the performance gain attained over TDMA is always over 9 dB. In addition, as we have mentioned in Section 3.3, the theoretical gain values of our proposed design over TDMA is shown in Fig. 2 . Then, combined with Fig. 3 and Fig. 5 , we can get that our simulation results are consistent with the analytical results.
In addition, to get the average error performance of the system with our proposed design, we consider the condition that h 1 = 1 and h 2 is uniformly distributed in the interval (0, 1). For any given K , we randomly select 20 points from the value set of h 2 , i.e., randomly select 20 values from (0, 1), to simulate their average performance. The simulation results are illustrated by Fig. 6 . From this figure, we can get that the average gain of our proposed design over TDMA for K = 1, 2, 3, 4 at the error rate of 10 −5 are about 9,13,13.5,16 dB, respectively. As illustrated in the above simulations, our proposed design has a better performance compared to TDMA especially for significant channel strength difference. Using our proposed design can achieve higher rates of data transmission than using TDMA with the same BER and SNR.
Conclusion
In this paper, we have considered a two-user multi-access VLC system with finite-alphabet inputs. To properly manage the nonnegative finite-alphabet multi-user interference, we have designed an optimal power control strategy by applying the properties of Farey sequence in number theory to maximize the received minimum Euclidean distance. We have verified that the received signals with the optimal power allocation are PAM constellations and thus, can admit an ML demodulation and decoding algorithm with very low complexity. Both analytical results and comprehensive computer simulations have demonstrated that our proposed design has a better performance than TDMA especially for significant channel strength difference.
Appendix
To solve Problem 1 and prove Theorem 1, we first utilize the piecewise continuity of the maxmin problem to make a reasonable segmentation of the objective function, and then get the local optimal solution by applying properties of Farey sequence in number theory. Finally, the global optimal solution is obtained by comparing the local solutions within a finite segment. The details are given as follows.
For 
In the following, we attack the problem in (12) by employing the relevant knowledge of Farey sequence. According to [44] , [45] , we define a Farey sequence by
) where
is the (k + 1)-th term of S 2 K −1 . Then, according to [45] , we have the following two propositions to solve our problem in (12) .
. . . , C − 1. Then, we can get 1) If
), then
2) If
Then, to solve the problem in (12) 
According to Proposition 2, we consider the following two cases to get the solution to the problem in (15) . 1)
In this context, we can observe that
From (13), we can find
p 1 , and
). According to Proposition 1, we have a k b k+1 − b k a k+1 = 1, and thus h 1 p 1 (
and the constraints on p 1 are 0 < p 1 (2
. Therefore, if
, i.e.,
.
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Similarly, we can get if
. Combining the two cases, the optimal solution to the problem in (15) can be concluded as the following lemma.
Lemma 1: Letp k1 ,p k2 denote the optimal solution to the problem in (15) 
. Then, the problem in (12) can be equivalent to the following problem. max kD k (16) where k = 1, 2, . . . , C − 1.
To get the optimal solution to the problem in (16), we need to develop the following two new properties of S 2 K −1 .
Let are two successive terms of
. . , C − 1. We find thatF 2 K −1 is the reciprocal version of
are two successive terms ofF 2 K −1 , k = 1, 2, . . . , C − 1. Therefore, we can get a new property of S 2 K −1 .
Property 1: Given
are two successive terms of
According to Proposition 1, we can get that
) and
). Thus,
In addition, according to [45] , we have
Then, we have the following property of S 2 K −1 .
Property 2: For
. . , C − 1. Then, combing Lemma 1, Property 1 and Property 2, we consider the following four cases to get the optimal solution to the problem in (16) .
Case 1:
according to Property 2, we have
. Then, according to Property 1, we consider the following two situations: 1) If
. We can observe that
In this case, according to Lemma 1 and Property 1, we consider the following three situations:
, where the equality holds if and only if
. . By further summarizing, the conclusion in Theorem 1 can be readily obtained. Therefore, the proof of Theorem 1 is completed.
